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Locating Electronic Degeneracies of Polyatomic Molecules: A General Method for
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A general method for finding all electronic degeneracies lying on the ground-state potential surface of a
molecular system is proposed. The method is based on the idea that the spin pairing of the valence electrons
is the major factor determining the topology of the potential surface. The number of different spin-pairing
arrangements (anchors) that can be constructed from the constituent atoms determines the number of critical
points (minima, transition states) on the ground-state surface. It is shown that whereas the interaction between
two states leads in general to an avoided crossing of potential surfaces the interactions in a three-state system
(consisting of three anchors) lead in general to a 2-fold degeneracy (conical intersection) and in a four-state
system to a 3-fold degeneracy. It is further shown that in a 3D world the highest degree of nonaccidental
electronic degeneracy is 3. Since the number of anchors in a polyatomic system can be large, in general
numerous 3-fold degeneracies exist in the systadgpendent of nuclear symmetiiyjhe whole topology of

the potential surface can be constructed around the degeneracies since minima and transition states are directly
accessible from them via a monotonic declining route. A practical procedure for establishing the approximate
structures of the 3-fold degenerate “points” and also those of the more familiar 2-fold degeneracies (conical
intersections) is proposed.

I. Introduction ing the spin pairing of valence electrotig8This is an extension
of Lewis’ idea that a pair of electrons creates a chemical
bond?® a local minimum on the potential surface is determined

. = . o o to a large extent by the chemical bonding between neighboring
Since their introduction as efficient funnels for the radiationless atoms. Two electrons of opposite spins create a chemical bond

H:C;'gggsfﬁg ii%ggfg?ggil{?ﬁgg&ﬁr?::?zithl\?gn%rt%%?égzs ther so that each minimum is defined by a set of electron pairs with
) : ’ Qifferent spinst”18The term “anchor®20.2ljs used to define a

f’)?”czi?;f ?gtké?sg?:t?:r?seriil Zro?\?gr?r: fstrecrl’r?tg;nz\r/]:enr? 'tS:t r}ﬁg;eparticular spin-pairing scheme that may exist in many different
9 y J dnuclear configuration%

number. The search for them is sometimes quite arduous an Our prime interest is in understanding the topology of the

often has to be helped by chemical intuition. ground-state potential energy surface and the role of degenera-

12 dj i i i i - 2T ! . .
t'l;eller " dlsc}gss?q COS:C?I |nte(se|(:F|(:ns '”t.te”‘.“s Oft a thbI cies in chemical systems. The crossing of potential surfaces
state system. kealizing that a conical INtersection IS Nt poSSIbIE , 51 o avoided) is conveniently introduced using a two-state
in a 1D space, he noted that at least one more parameter mus

be introduced, using perturbation theory. This approach was odel for reacting systenis;* # which can be expanded to
’ y : h k-fol . i
followed by most subsequent workéré!314who introduced the more generak-fold state system. Consider a system

; . . . consisting of two species P and R that differ only by their spin-
various parameters to describe the interactions between the tw: airing schemes (anch@?s??). Within the Born-Oppenheimer
states. We present a model based on the concept ofa cher_mc pproximation, the corresponding electronic wave functions are
reaction as a two-state system, a concept that is now extensively > and ¢r, respectively.¢p and g are different but not
Zsed Itn th‘_e detsclzl_ptrl]on gf grou_nd-state chlemiljgz; nteacﬂlﬁtﬁé. necessarily orthogonal to each other. At certain nuclear con-

n extension to higher dimensions ("am‘? y: ate system figurationsQp and Qg, respectively, they lie at local minima
wherek > 3) leads naturally to electronic degeneracies. It is

h that the hiahest idental) d . on the ground-state potential surface. If motion along the
St own at € - 'g .833 Ecnlc:jr?afhu en Ia) ¢ egenfr;acyhlm.an coordinate connecting the two species (the reaction coordinate)
atomic systemr(= 4) is 3-fold: three electronic sta €S having holves a single local maximum, then the reactior-FR is
the same energy. These, as well as the more familiar 2-fold

S ; < .~ an elementary one.
dggenerate. conlpal intersections, can be located by considering The electronic wave function of the system along the reaction
different spin-paired structures composed of the sam@ms.

coordinate may be written as the linear combinaidh??

Il Model |¢|-—rl9action= kP|¢PEH: kR|¢RD

The method is based on the assumption that stationary points
on the ground-state potential surface may be found by consider-Here, ke andkg are coefficients such thp = 1 andkg = 0 at
Qp whereaskp = 0 andkgr = 1 at Qr. As the system moves
* Corresponding author. E-mail: yehuda@chem.ch.huji.ac.il. along the reaction coordinati; varies smoothly from unity to
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Conical intersections are now considered to be important loci
in the potential energy surfaces of polyatomic molecéiés.




Electronic Degeneracies of Polyatomic Molecules J. Phys. Chem. A, Vol. 107, No. 8, 2008223

zero, andkgr, from zero to unity. At a certain point along the physical distance separating two different atoms determines the
coordinateke = kg, and the potential surfaces of P and R cross. strength of the interaction between them. In a plane defined by
If the two states interact at this point, which is the usual case, two independent reaction coordinates, three anchors may be
then the degeneracy is liftédtwo adiabatic potential surfaces thought of as being placed at the apices of a triangle. Equal
are formee-a ground state and an excited state. This is a interactions mean that the triangle can be equilateral. This is
standard quantum mechanical probl&# The wave functions always possible in principle: the point at which the interactions
of these adiabatic states are formed by linear combinations of between the three species are equal is equivalent to the point at
the original wave functions; one is the in-phase combination which the medians of the triangle cross.

|pplI+ |¢rL) and the other, the out-of-phase ojgell— |¢rL] This point may be reached along many trajectorites

As shown elsewher&;*>the in-phase combination is the ground jnstance, by using a path connecting the transition state between
state if the number of exchanged electron pairs is odd (3,5, ...) p and R with anchor S at its local minimum. The matrix (II.2a)

whereas in cases Wh_ere that number is even (2, 4, ..9uhe describing the system prsis written with ¢p, ¢r, andes as
of-phasecombination is the ground state. (If the total number pasis functions:

of electrons is odd, then one electron pair consists of a single

electron.) The nuclear configuration at the avoided crossing A—E B B

vicinity, Qgrp, has a stationary point (local maximum or

minimum) on the ground-state surfa®&@®Reactions for which B A-E B (I1.2a)
the wave function|¢lhaction iS the in-phase combination are B B A—-E

labeled as phase-preserving reactions, and those for which

|¢[actionis the out-of-phase combination, phase-inverting reac- This is possible, as both the diagonal integralsand the off-
tions. The other combination of the two original states (with diagonal elements, are equal to each other at this geométry.
the opposite sign) is an electronically excited state, which has matrix 11.2a is diagonalized to yield 11.2b:

a local minimum aQgrp.25"27

The secular matrix describing the system uspp@ndegr as A—B—E 0 0
basis functions is in general not symmetric: at most nuclear
configurations, the matrix elements are all different. At the 0 A—-B-E 0 (11.2b)
crossing poinQgp, the matrix is symmetric and may be written 0 0 A+2B—-E
as
Thus,two electronic energy levels are found@irs supporting,
{A —E B } (I1.1a) however, threeindependent wave functions, two of which are
B A-E ) degenerate. (Note that if one of the wave functions of the
original anchors were a linear combination of the other two,
where A= Bp|H|gppd = PriHlpr0and B = p/H|pr0 = then the matrix becomes a>2 2 one.) This is the origin of a
[#rIH| el Diagonalization leads to eq II.1b: conical intersection. The energy separation between the ground
and the excited states i83
A—B-E 0 The energy ordering of the states remains to be determined.
{ 0 ALB— E} (.1b)  The Longuet-Higgins phase-change ##&2°2ican be used

for this purpose: if all reactions connecting P, R, and S are
phase-inverting, then the degeneracy is on the electronic ground
state. This is also the case if two reactions are phase-preserving
and one is phase-inverting (arfifpop!®2921.2§, The nonde-
generate state is a higher-lying electronic state.

The resulting adiabatic wave functions@#p are the in-phase
and out-of-phase combinatiofs + ¢rlCand|¢p — ¢prlJwhose

energies areA — B and A + B, respectively. The energy
separation between the two statesBs [Rote that the interaction

could be defined along a single coordinathis is a 1D problem. However, if all of the reactions are phase-preserving¥a p
Consider now a system consistingtbfeedifferent anchors ~ 100p) or if two are phase-inverting and one is phase-preserving
(species differing by their spin pairingP, R, and S-all (an Pp loop), then the loop encircles a single-valued point, and

connected pairwise by elementary reactions. This system is athe wave function main'gains its sign. Under these conditions,
triad of two-state systems. Taken separately, each pair interact§h® ground-state potential surface@irs has either a global
along a single coordinate, as discussed above for the two-statdMnimum or a saddle point (second-order transition state):
system. If the pairs were independent of each other, then six Motion away from this point leads smoothly to all three anchors
states would result. However, interactions cannot be neglected @t their respective minima without encountering a barrier. The
and a general treatment of three anchors involves a 2D surface doubly-degenerate state is an electronically excited state.
namely, two independent coordinates. (The third reaction Consider next a system consisting of four different anchors,
coordinate may be expressed as a linear combination of the othelP, R, S, and T, all connected pairwise by elementary reactions.
two.) The original three wave functions will combine (at any This is a sextet of two-state systems. If they were all independent
nuclear configuration) to forrthree linearly independent wa of each other, then 12 states could be formed from interactions
functions It is always possible to find a nuclear arrangement between 6 pairs. However, since they are all connected to each
Qrrsat which the potential surfaces of the three anchors cross, other, the geometric analogy can be extended to a 3D space:
as will be shown using a geometric analogy. the potential surfaces of all four anchors will cross at a certain

The three anchors are defined by their spin-pairing arrange- nuclear configurationQprst. This point is the crossing point
ment. The infinite number of nuclear configuration of each of the four medians connecting the apices of a tetrahedron with
anchor makes it possible to find configurations at which their the center of the opposite plane. At this point, all diagonal
energies are equal (i.eR|H|PC= R|H|RO= [$|H|SO. For the elements of the energy matrix are equal since the four anchors
Hamiltonian matrix to be symmetric, the off-diagonal elements can be arranged at the apices of a perfect tetrahedron. Therefore,
must also be equal, a condition that can be satigfief. The a 4 x 4 matrix can be written of the form:



1224 J. Phys. Chem. A, Vol. 107, No. 8, 2003 Zilberg and Haas

A—-E B B B bV
B A—-E B B —c’ANG g
11.3a) H \
B B B A-E 0 Y LI i
H—}?f 2\30\—H H—ICI/ 2 3C\'-H
. . . H H H H
which diagonalizes to eq 11.3b. 14123} {123}
A—B—E 0 0 0 Figure 1. Two basic anchors of the propaneadical cations are |
and Il. The reaction connecting them was fotit proceed via an
0 A—B-E 0 0 out-of-phase transition state <(ll) obtained by the out-of-phase
0 o A—B—-—E 0 combination of | and Il. The spin-pairing schemes of the electrons of
0 0 0 A+3B—E anchors | and Il exchanged in the reaction are shown.

(11.3b) IIl. Examples

Simple systems that demonstrate the ideas of this paper are
and an electronic excited state now separated ByGne of singly charged radical cations derived from neutral molecules
them is nondegenerate (enerdy+ 3B), and the other3-fold having single chemical bonds only. Removing a single electron
degeneratéenergyA — B). The energy ordering of these states from a bond connecting two atoms results in a positive charge
is determined by the nature of the elementary ground-stateOn the bond, leading to an anchor with a well-defined spin-

Two electronic levels are obtained @brst, @ ground state

reactions around the poi@prstin @ manner analogous to that
of the three-anchor case.
In general, fom = 2, 3, or 4, two states are formed: one is

pairing arrangement. The number of distinct anchors that can
be prepared in this way equals the number of chemical bonds
in the parent molecule.

nondegenerate, and the other i®  1)-fold degenerate. The general procedure has been applied to the methane,
Mathematically, this procedure can be extended to any whole ethane, propane, isobutane, and neopentane radical cations and
numbem: a symmetric matrix of any order can be constructed. is discussed in a separate pafeihe results obtained for
Diagonalization leads tan — 1 equal roots whose values are CH3;CH,CHz* are briefly reported here without proof, for
A — B, and one root is equal tA + (m — 1)B. completeness. This example was chosen because the point group
However, the extension of the procedure physically to which propan¥ belongs contains no degenerate irreducible
unfeasible: in a 3D space, the off-diagonal matrix elements representations. Notwithstanding, a 3-fold degeneracy and two
cannot be made equivalent for these larger systems. The2-fold degeneracies do exist for the ground state in this system,
geometric analogue would be a perfeutfold polyhedron as shown below.

(m = 5) in whichall distances betweeanytwo apices are the The propane radical cation was previously discussed as a two-
same-obviously an absurdity. A 3-fold degeneracy is thus the state syster®? This choice is based on experimetESR data
highest that can be attained by this procedfre. were interpreted as showing two equivalent minifria which

The prescription for findingll 3-fold degeneracies ina given  the charge is situated on one of the twe-C bonds. The
molecular system follows directly from this analysis. All transition state between these two minima @f(%B,) sym-
possible four-anchor combinations (quartets) need to be con-metry) is formed by an out-of-phase combination of the wave
sidered, leading to 4 4 matrices of the form of eq I1.3a. The  functions corresponding to the two minirfsee Figure 1. This
degeneracies are found by diagonalization. transition state is very low lying and was thought to be a

Two-fold degeneracies are found by a similar procedure: minimum by some worker® This result, which was derived
starting with the 3-fold degeneracy, nuclear motions distort the on the basis of symmetry considerations, is also obvious using
system so that three of the anchors that are isoenergetic arahe spin-paired approach, as three electrons (grouped in two

sought. There are four possible ways to do this for any quartet electron pairs) are repaired in the reaction converting them
of anchors. Each separates thex#4 matrix blockwise into a  (Figure 1).

3 x 3and a 1x 1 matrix. At the nuclear configuration at which, Even if the discussion is limited only to the intact molecule

say, the three anchors P, R, and S are equiva@phs the (a5 done in the previous wa, it is clear from section Il that
resulting 3x 3 submatrix, is symmetric (as is eq I1.2a). Init, he complete characterization of the ground-state potential
A" = [pplH|¢pl= [pr|H|prC= [bs|H|¢s[ls the diagonal matrix  gyrface requires the consideration of other anchors (in addition
element at that nuclear geometry. The matrix elenfant = to | and Il). Figure 2 shows the 10 different anchors resulting
[¢r|H|¢rlhas a different value, arigre'= Brr'= Brs' = 0. By from the removal of an electron from a single bond of propane.
the same reasoning as applied above, the off-diagonal elementgy 4| of these possible spin-pairing structures, only anchors |
B' are equal (except for those involving: and Il exist in a nuclear configuration that lies at an energy
minimum. Nonetheless, other anchors must have an impact on
the ground-state topology that is expressed by stationary points.
Recalling that a three-state system necessarily leads to a
degeneracy, the search is begun by looking for a third anchor

B = [@plH|pr= [dplHIps = hrlHIpH

The 3 x 3 symmetric submatrix can be diagonalized, leading
to a doubly degenerate state whose energiis- B' and a that together with | and Il will form a phase-inverting loop. If
nondegenerate state (eneljyt+ 2B') at eachQ'prs This case such aloop is found, then a conical intersection will be encircled
has been dealt with above so that in sum the system has ondy it. The reaction depicted in Figure 1 is phase-inverting. In
doubly degenerate electronic ground state and two nondegenthe absence of a third minimum on the ground-state potential
erate electronic states at this nuclear configuration, for each of surface, a simple three-anchor loop cannot be formed. Thesearch
the possible three-way interactions. If two or more of the original is therefore directed at secondtiransition state between | and
anchors are equivalent, then the resulting states are isoenergetid that is phase-preserving and involves one of the anchots llI
and may further interact. X. A natural choice is either Ill or IV: by symmetry, only these
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Figure 2. Ten anchors of the propane radical cation system considering
only the parent ion (no fragments).
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Figure 3. Different elementary reaction connecting | with Il. In the
transition state, the charge is distributed over two CC bonds and one
of the CH bonds. An equivalent transition state involves the other H
atom. The reaction is phase-preserving, and three electron pairs ar
exchanged. The spin-pairing schemes of the electrons of anchors |, I,
and Il relevant to the reaction are also shown. The wave function of
this transition state is formed by the in-phase combination ofllll
and llI-I1l. (Note that the out-of-phase combination isll, namely,

the out-of-phase transition state of Figure 1.) The ground-state nuclear

configurations of the two transition states are quite different.

2111-I-11

phase preserving

II @ I

I-1I
Figure 4. Two-anchor loop encircling a conical intersection. The two
minima are connected by two different reaction coordinates: one is
phase-inverting, and the other, phase-preserving.

two can have equal interactions with | and Il. A transition state
constructed from I, Il, and IIl involves five electrons (two of
which form the CH bond) and lies along a phase-preserving
route, as shown in Figure 3.

This transition state is a stationary point on the ground
potential surface, reflecting the existence of anchor lll.

The phase-inverting loop formed by the two reactions is
shown schematically in Figure 4. Extension to a 3-fold
degeneracy is now straightforward: the four anchors leading
to it are I, Il, Ill, and IV. Further details are discussed in a
separate publicatio#.

All species predicted by the model were located by high-
level quantum chemical calculatioAsThe computed energies

J. Phys. Chem. A, Vol. 107, No. 8, 2008225

may be equal whereas the off-diagonal elements cannot be
equalized. This can be demonstrated in a symmetric radical
cation such as bipyramidal RH the positive charge can be
placed on any of the five-PH bonds, leading to five equivalent
anchors. All diagonal elements of thex65 matrix analogous

to I1.3a are equal, but obviously the off-diagonal elements are
not all equal. Thus, in this system, the highest degree of
electronic degeneracy is 3-fold.

IV. Discussion

The original idea of Teller was that in a two-state system
an electronic degeneracy cannot be obtained by varying only
one parameter. When magnetic effects can be neglected (as is
the case for light atoms), no more than two parameters are
required. His approach was based on perturbation theory; the
strength of the perturbation was assumed to depend linearly on
the parameters (nuclear coordinat¥sA further development
of this view uses the concept of vibronic couphri§3¢—one
looks for the most effective vibration that couples two electronic
states. Herzberg and Longuet-Higdinsted that the electronic
wave function changes sign when carried in a complete loop
around an electronic degeneracy. Salem emphasized the role
of biradicaloid structures in polyatomic molecufésGerhartz
and Michl used a similar approach in their well-known paper
on the H, system® These workers recognized the perfect
tetrahedral geometry as a touching “point” of &d S.

Following Teller's idea of a perturbed two-state system, Robb,

Bernardi ,and Olivucé? define two vectors based on the concept

of two states¥; andW, (W; andW; are the eigenfunctions of
the molecular Hamiltonian). One is the gradient difference vector
x1 = d(E; — Ep)/oq whereE; and E, are the energies of the
two electronic states andjds a vector of nuclear displacement.
The other Xy) is parallel to the directiorg of the diabatic
coupling matrixg = [W;|0W,/dql] YarkonP developed further
the perturbative approa¢fHe also defined two vectoig{Qy)

and h(Qy) in the vicinity of the nuclear configuratio®y at
which an intersection occurs. The problem of locating the
conical intersection reduces to finding the two vectors.

In this paper, a nonperturbative approach is proposed. The
basic assumption is that a central role is played by spin pairing
in determining molecular structures or proper combinations of
them in defining stationary points (minima, transition states)
on the ground-state potential surface. At these points, the-Born
Oppenheimer approximation is valid.

To consider electronic degeneracies, the two-state model is
extended to three- and four-state models. In other words, rather
than introducing parameters to a two-state problem, the dimen-
sionality of the system is increased. The coordinates leading to
the electronic degeneracies (where the BO approximation breaks
down) are constructed from the reaction coordinates leading
from one anchor to another. Extending the two-state concept
to a three- or four-state concept results in the natural appearance
of the electronic degeneracies, regardless of nuclear symmetry.
The emphasis is on thegionin which the degeneracy is to be
found, which is defined by the three anchors, rather than on
the point of degeneracy.

The highest possible degree of electronic degeneracy is 3-fold,
a limit imposed by the 3D character of all molecular systems.
A pertinent issue is the total number of such degeneracies in a
given system. By the arguments of section Il, in a large system,

and structures of these species agreed with the qualitativehalf of the 4 x 4 matrices that can be constructed lead on

predictions of the model. Further details and numerical results
are reported in ref 31.

It was stated in section Il that in a large system (more than
four anchors) the diagonal matrix elements in the secular matrix

average to ground-state 3-fold degeneracies. Thus, the maximum
number of these species equals one-eighth of the independent
anchors that exist in the system (provided they are connected
by elementary reactions).
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The 3-fold degeneracy serves as a reference point for theessence, a two-state model. In this paper, electronic degeneracies
construction of the potential surface. Starting from the geometry were discussed in terms of two or three coordinates, extending
of the triple degeneracy, one 2-fold degeneracy results from the model to three or four basic states. The added states are
each of the “3+ 1" distortions that discern one anchor from most readily recognized as being derived from different chemical
the other three (section Il). It follows that each triple degeneracy species, and the coordinates connecting them are reaction
generates four distinct conical intersections in its vicinity. coordinates. The complete ground-state potential surface may
(Because of symmetry restrictions, in some cases only two be constructed from quartets of spin-paired species. These
different conical intersections are form&din any case, the  “parent” four-state systems connect smoothly with three-state
2-fold degeneracies are formed in patemn odd number is not  and two-state subsystems, which lead to minima (i.e., stable
possible). The whole system may be considered to be anchemical species). Higher degeneracies, such as those appearing
ensemble of quartets of anchors that determine the nature ofin much larger molecules or if the point symmetry is very high
the electronic degeneracies. (the icosahedral group), are “accidental” in the sense of the

In the special case of the propane radical cation, we have present treatment (they do not arise from interactions between
seen that two-anchor loops can be formed (instead of the moreneighboring atoms).
common three-anchor ones). This is due to the fact that in this
system anchors Il and IV do not occupy an energy minimum
at any nuclear geometry. Their impact is revealed by the
existence of phase-inverting transition states between the stabl
geomgtngs of anchors | and “.: they are fo”'.‘ec' by out-of-p.hase Farkas Center for Light Induced Processes is supported by the
combinations of !II (or_ IV) with | and Il (Figure 4). In FhIS Minerva Gesellschaft mbH.
case, two phase-inverting loops and one phase-preserving loop
surround the 3-fold degeneracy. (See ref 31.)
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